A Faber-Krahn inequality with drift 



Frangois Hamel a , Nikolai Nadirashvili and Emmanuel Russ a 

a Universite Aix-Marseille III, LATP, Faculte des Sciences et Techniques, Case cour A 
Avenue Escadrille Normandie-Niemen, F-13397 Marseille Cedex 20, France 
b CNRS, LATP, CMI, 39 rue F. Joliot-Curie, F-13453 Marseille Cedex 13, France 
francois.hamel@univ.u-3mrs.fr, nicolas@cmi.univ-mrs.fr, emmanuel.russ@univ.u-3mrs.fr 



Abstract 

Let Q be a bounded C 2 ' a domain in M n (n > 1, < a < 1), O* be the open 
Euclidean ball centered at having the same Lebesgue measure as fl, r > and 
v E L°°(J7,R Tl ) with (Hl^ < r. If Ai(f2,r) denotes the principal eigenvalue of 
the operator —A + v ■ V in 0, with Dirichlet boundary condition, we establish that 
\i(ft,v) > Ai(J7*,re r ) where e r (x) = x/\x\. Moreover, equality holds only when, up 
to translation, f2 = f2* and v = re r . This result can be viewed as an isoperimetric 
inequality for the first eigenvalue of the Dirichlet Laplacian with drift. It generalizes 
the celebrated Rayleigh- Faber-Krahn inequality for the first eigenvalue of the Dirichlet 
Laplacian. 



1 Introduction and main results 

Throughout all the paper, n > 1 denotes an integer in N* = N\{0}. By "domain", we 
mean an open connected subset of M n , and we denote by C the set of all bounded domains 
of W 1 which are of class C 2 ' a for some < a < 1. For any measurable subset A C M n , 
\A\ stands for the standard n-dimensional Lebesgue measure of A. Throughout the paper, 
-B™ denotes the open Euclidean ball of M. n with center and radius r > 0, and we set 
a n = \B»\ = ir n / 2 /T(n/2 + 1). For G C, we define fi* as the ball B 1 } )1/n having the 

same measure as Q. Finally, if Q G C and v : Q — > W 1 is measurable, \v\ will denote the 
Euclidean norm of v, and we say that v G L°°(Q, M n ) if \v\ G L°°, and write (somewhat 
abusively) ||f instead of || \v\ \\ La0 fQy 

If Ai(fi) denotes the first eigenvalue of the Laplace operator —A with Dirichlet boundary 
condition (Dirichlet Laplacian), in an open bounded smooth set Q C M n , it is well-known 
that Ai(f2) > Ai(fT) and that the inequality is strict unless Q is a ball. Since Ai(fT) can 
be explicitly computed, this result provides the classical Rayleigh- Faber-Krahn inequality, 
which states that 

X 1 (Q) > |^ 2/n ^ /n jVi,i' (1-1) 
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where j m> i the first positive zero of the Bessel function J m . Moreover, equality in (jl.lj) is 
attained if and only if Q is a ball. This result was first conjectured by Rayleigh (1894/1896) 
for n = 2 ( 134] vol. I, pp. 339-345), and proved independently by Faber ([IB]. 1923) and 
Krahn ([23]. 1925) for n = 2, and by Krahn for all n in [21] (1926; see [25] for the English 
translation). 

Many other optimization results for the eigenvalues of the Dirichlet Laplacian have been 
proved. For instance, the minimum of A2(fi) among open bounded sets Q C R n with given 
Lebesgue measure is achieved by the union of two identical balls (this result is attributed 
to Szego, see [SI])- Very few things seem to be known about optimization problems for the 
other eigenvalues, see [11 EH ED E2 El • 

Various optimization results are known about functions of the eigenvalues. For instance, 
the Payne-Polya- Weinberger conjecture (see [30 ) on the ratio of the first two eigenvalues 
was proved by Ashbaugh and Benguria ([2]), in any dimension n: namely, for any bounded 
domain Q C R™, A2(fi)/Ai(f2) < A2(°^)/Ai(f2*), and the equality is attained only when Q is 
a ball. The same result was also extended in [2] for elliptic operators in divergence form with 
definite weight. We also refer to |3 IH El El H3 12U 1221 123 123 E01 E21 for further bounds or 
other optimization results for some eigenvalues or some functions of the eigenvalues in fixed 
or varying domains. 

Other boundary conditions may also be considered. For instance, if /i2(^) is the first 
non-trivial eigenvalue of the Laplacian under Neumann boundary condition, //2(^) < /-^(f^*) 
and the equality is attained only when Q is a ball (see jHH] in dimension n = 2, and [HE] in 
any dimension). Bounds or optimization results for other eigenvalues of the Laplacian under 
Neumann boundary condition ( [30] E21 EE1 EH] , see also [2] for inhomogeneous problems), for 
Robin boundary condition ([12]) or for the Stekloff eigenvalue problem (|I3!) have also been 
established. 

We also mention another Rayleigh conjecture for the lowest eigenvalue of the clamped 
plate. If Q is a smooth bounded open subset of M 2 , denote by Ax(f2) the lowest eigenvalue 
of the operator A 2 , so that A 2 U\ = A 1 (fi)u 1 in Q with u\ = IVu^ = on dQ and ui > 
in Q. The second author proved in [2H] that A^fi) > A^fi*) and that equality holds only 
when Q is a ball (disk, in dimension 2). The analogous result was also established in M. 3 in 
[2], whereas the problem is still open in higher dimensions. 

Very nice and much more complete surveys of all these topics and additional results can 
be found in [HI QUI EH] and the references therein. 

All above problems concern self-adjoint operators. In the present paper, we focus on 
optimization problems for the first eigenvalue of the non-self-adjoint Laplace operator with 
a drift under Dirichlet boundary condition. 

For any domain SI 6 C, for any v G L°°(f2, IR n ), we call Ai(f2, v) the first eigenvalue 
of L = —A + v ■ V with Dirichlet boundary condition on dQ, and (pn v the corresponding 
(unique) positive eigenfunction with L°°-norm equal to 1. In the sequel, (fn ;V will be denoted 
by (p when the context makes clear what Q and v are. Recall that the maximum principle 
holds for L, and, as a consequence, Ai(f2,t>) > (see [H]). One has 




L°°(Q) 



1. 



(1.2) 
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Moreover, by standard elliptic estimates (see [TJ ITHj). ip G W 2 ' P (Q) for all 1 < p < +00, 
whence, up to the choice of the continuous representant in the class of <p, <p G C l ^{VL) for all 
< (5 < 1. Recall also that if A is any eigenvalue for the operator L, then either A = v) 
or Re(A) > Ai (SI, v ), and that, if ip is any positive eigenfunction in Q for L corresponding to 
the eigenvalue A, then actually A = Ai(f2,t>) and ip and if are proportional (see [TT] again). 
For all x 7^ 0, set 

e r (x) = - — -. 
\x\ 

Our main result is the following one: 

Theorem 1.1 For any dimension n > 1, any Q G C, any r > and any v G L°°(f2,R n ) 
satisfying \\v < r, 

X l (Q 7 v)>X 1 (n*,re r ). (1.3) 

Moreover, equality holds only when, up to translation, Q = Q* and v = re r , namely when 
there exists xq G M n such that (Q, v) = (xq + Q*, re r (- — xq)). 

Theorem 11.11 can then be viewed as a natural extension of the first Rayleigh conjecture 
to the Dirichlet Laplacian with drift in any dimension n. 

A rough parabolic interpretation of Theorem 11.11 can be the following one: consider the 
evolution equation Ut = Am — v ■ Vu in Q, for t > 0, with Dirichlet boundary condition 
on dfl, and with an initial datum at t = 0. Roughly speaking, minimizing Xi(Q,v) (with 
given and with \\v ||oo < r can be interpreted as looking for the slowest exponential 
time-decay of the solution u. The best way to do that is to try to minimize the boundary 
effects, namely to have the domain as round as possible, and it is not unreasonable to say 
that the vector field — v should as much as possible point inwards the domain to avoid the 
drift towards the boundary. Of course diffusion, boundary losses and transport phenomena 
take place simultaneously, but these heuristic arguments tend to lead to the optimal couple 
(Q, —v) = (Q*, — re r ) (up to translation). 

As a corollary of Theorem ll.il we obtain the following Faber-Krahn type inequality for the 
Dirichlet Laplacian with drift, which extends the classical Rayleigh- Faber-Krahn inequality 
for the Dirichlet Laplacian. Namely we get a lower bound for Ai(f2,t>), which depends only 
on \Q\ and ||i>|l : 

II II Moo 

Corollary 1.2 For each n > 1, there exists a function F n : (0, +00) x [0, +00) — > (0, +oo) ; 
defined by F n (m,r) = Xi(B?, y /n ,re r ) such that, for any domain Q G C and any v G 
L°°(Q, R n ), 

\i(V,v)>F n (\n\,\\v\\ 00 ) (1.4) 
and equality holds if and only if, up to translation, Q = Q* and v = \\v \\oo e r- 

Remark 1.3 For fixed n G N*, m > and r > 0, inequality (jl.3|) of Theorem 11.11 mav 

be reformulated in the following way: inf \\(Q,v) = Xi(B,Te r ), where B = 

n&c, \n\=m, IMI^t 
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Bf m/an)1/n . Since Ai (fi', v\ n ,) > Ai(fl,v) for all SI, Q'GC.fl'cU and v G L°°(f2,R n ) (see 
[TT]). Theorem 11.11 yields at once 

inf Ai(0, i>) = Ai(S, re r ), 

QeC, |fi|<m, ||i>|loc^ T 

and the infimum is reached for and only for Q = B and v = re r (up to translation). 

The above inequalities (jl.3|) and (jl.4|) can also be generalized to more general open sets 

Q. First, one has inf Ai(0, v) = Xi(B,Te r ), where C denotes the set of all 

nee, \n\<m, IM^Kt 

open bounded subsets Q of R n of class C 2,a for some < a < 1, with finite number (maybe 
not reduced to 1) of connected components (for D, G C' and v G L°°(f2,IR n ), Ai(0, v) is 
the minimum, over k, of the eigenvalues Xi(flk,v\n k ), where the f^'s are the connected 
components of fl). Thus, inequalities (jl.HJ) and ()1.4j) hold for Q G C and the case of equality 
holds only if, up to translation, Q — B and v = re r . 

Furthermore, for non-smooth and possibly unbounded Q with finite measure, following 
[TT] . one can still define Xi(fl, v), as Aj.(Q, f) = inf Ai(fi', f Since F n (m,r) is 

decreasing in both m > and r > (see Remark [2 .8|) . inequalities ()1.3j) and (jl.4|) still hold. 

Remark 1.4 Let us now discuss the behavior of F n (m, r) for large r (see Section f4.ll for 
details). First, for all m > 0, r~ 2 e Tm ^ 2 F 1 (m, r) — » 1 as r + oo, and one even has 

3 C(m) > 0, 3 r > 0, V r > r , |T -2 e 7m/2 .Fi(m,T) - 1| < C{m)re- rm/2 . (1.5) 

Moreover, for all n > 2 and m > 0, F n (m, r) > F 1 (2(m/a n ) 1 / n , r) for all r > 0, and 

-r" 1 log F n (m, t) -> m 1/n a^ 1/n as r -> +oo. (1.6) 

In ^7j, with probabilistic arguments, Friedman proved some lower and upper logarithmic 
estimates, as e — > + , for the first eigenvalue of general elliptic operators —a^dij + bidi with 
C l drifts —b = — (b±, . . . ,b n ) pointing inwards on the boundary. Apart from the fact that 
the vector field e r is not C 1 at the origin, the general result of Friedman would imply the 
asymptotics (jl.6j) for logF n (m, r) = log \i(B™ m ^ a , 1/n , re r ). For the sake of completeness, we 
give in Appendix ( Section I4.1J1 a proof of (jl.6j) with elementary analytic arguments. There, 
we also prove the precise equivalent of Fi{m,r) for large r. However, giving an equivalent 
for F n (m, t) when r is large and n > 2 is an open question. 

The first step in the proof of Theorem ll.il which has its own interest, is the optimization 
of \i(Q,v) when Q is a fixed domain and the L°° norm of v is controlled. Namely, for any 
r > 0, set 

\(Q, r) = inf Xi(Q,v) and \(Q, r) = sup Ai(f2,t>). 

IMIoo< r IMIoc< r 

It turns out that this optimization problem also has a unique solution: 

Theorem 1.5 Let Q be a domain in C (of class C 2 ' a for some < a < 1) and let t > be 
fixed. 
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(a) There exists a unique vector field v G L°°(Q) with \\v\\ < t such that A(Q,r) = 
Xx(p,,v) (> 0), and this field satisfies \v(x)\ = r almost everywhere in Q. Moreover, 
the corresponding principal eigenfunction tp = (pu,v ^ s °f class C 2,a (Q) and v ■ V<p = 
—t |V<£>| almost everywhere in f2. The function ip is then a solution of the following 
nonlinear problem 

-Acp-r \Vcp\ = X(n,r)(p into. (1.7) 

Moreover, if is a function of class C 2,a (Q) such that if) > in Q, ip = on dfl, 
Halloo = 1 and if \i G R is such that ( |i. 7\) holds with ip and \i instead of <f and X(Q, t), 
then ip = ip and fi = X(Q, r) . 

(b) There exists a unique vector field v G L°°(Q) with WvW^ < t such that X(Q,t) = 
Xi(Q,v) (> 0), and this field satisfies \v(x)\ = r almost everywhere in Q. Moreover, the 
corresponding principal eigenfunction Tp = (p n>v is of class C 2,a (VL) andv-VTp = r \VTp\ 
almost everywhere in f2. The function Tp is then a solution of the following nonlinear 
problem 

-ATp + T\V<p\ = X{tt,T)Tp mO. (1.8) 

Moreover, if ip is a function of class C 2,a (Q) such that ip > in tt, tp — on dfl, 
ll^lloo = ^ an d A* e ^ is suc h that fli.&j) holds with ip and \i instead ofTp and X(fl, t), 
then ip = Tp and fi = X(Q, r) . 

When Q is a ball (up to translation, one assumes that it is centered at the origin), one 
can provide an explicit expression of v and v: 

Theorem 1.6 Assume that Q = B = B\ for some radius R > 0, and let r > be fixed. 
Then v = re r and v = —re r where v and v are defined in Theorem \1.5\ One therefore has: 

— Aip + re r ■ Vy? = X(Q,r)(p in B, 

~ ~ _ ~ (1-9) 

—A(p — re r ■ V<p = X(Q, r)<p in B. 

Moreover, the functions (p and Tp are radially decreasing in B, which means that there are 
two decreasing functions <p, (f> : [0,R] — > [0, +oo) such that <p(x) = 4>(\x\) andTp(x) = 4>(\x\) 
for all x G B. 

Remark 1.7 Notice that a corollary of Theorems II . 1[ H31 and lOH is that, for all r > and 

Q G C, X(Q, t) > X(Q*, r), and equality holds only when Q is a ball. 

Let us now give a few additional comments about Theorems 11.11 IT31 and [TTB1 First, what 
happens for other optimization problems with analogous constraints? For a fixed domain 
Q G C, if we drop the condition H^H^ < r, one can prove that 

inf Ai(Q, v) — inf X(Q,r) — 0, sup X\(Q, v) = sup X(Q,r) = +oo. (1-10) 

veL°°(n,R") r>o „ e L»(j), r) T >o 

Actually, we prove in Lemmata l2.5l and l2.6l that the function r i— > X(Q, r) (resp. r i— > X(Q, r)) 
is decreasing (resp. increasing) in [0, +oo). Therefore, (jl.lOj) means that X(Q,t) — > and 
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X(Q, t) — > +00 as t — > +00. The proof of first assertion (about the infimum) follows at 
once from formula indeed, choose a ball B included in Q, call Xq its center, and 

let v G L°°(Q, MJ 1 ) be such that v(x) = re r [x — Xq) for all x G B; one then has < 
Ai (O, v) < \\{B,v\b) = F n (\B\,r) — ► as r — > +00. For the proof of the other assertion, 
let r > and define v = rex, where, for all x G M n , ei(x) = (1,0, ... ,0). Straightforward 
computations show that the function ip(x) = e~ rXl ^ 2 fQ jTei (x), which is positive in f2, satisfies 
— Aip + (T 2 /4)ip = Ai(0, reijij) in Q. From the characterization of the first eigenvalue, one 
concludes that Ai(f2, rei) = r 2 /4 + Ai(f2), where Ai($l) is the first eigenvalue of the Dirichlet 
Laplacian in Q. This obviously implies the desired result. 

Notice that, when v G L°°(Q) is divergence free (in the sense of distributions), Ai(f2, v) > 
Ai(f2,0) = (indeed, multiply f)1.2j) by if and integrate by parts). Thus, it immediately 

follows that inf Ai(f2, v) = Ai(f2) for all Q G C and r > 0. We also refer to ^0] for 

IM|oc<r, div(«)=o 

a detailed analysis of the behavior of Ai(f2, A v) when A — > +00 and v is a fixed divergence 
free vector field in L°°(Q). 

Let now v G L°°(IR n ,M ri ) be fixed, call ||f||oo = || \v\ \\L°°(R n ,R«), let Q vary and define 

X(v,m) — inf Ai(f2,f|n)= inf Ai(0,u|n) and A(f,m)= sup \\(fl,v\n) 
— nec, \n\=m nec, \n\<m n eC) \n\ =m 

for each m > 0. Because of (ll.llj) below, there holds A(w,m) = +00. On the other hand, 
X(v,m) > F n (m, ||f||oo)- However, unlike A(fi, r) or X(Q, r), the infimum in X(v,m) may 
not be reached: indeed, let (xk)k>k be a sequence of points in M n such that the balls 
Bk = Xk + B?, , 1/n are pairwise disjoint and choose fc £ N and f G L°°(M. n ) so that 
2 _fc ° < \\v ||oo, f|s fe = (||f ||oo — 2~ fc ) e r (- — Sfc) and f = outside the balls 5^; from Theorems 
11.11 11.61 and Lemma 12.51 below, one can easily check that, for each Q G C with |0| < m, 

Ai(n,v| n ) > A(^,"t) = ^n(^, IMD- 

Consider now optimization problems (different from the one solved in Theorem II .1)1 where 
both Q and v vary. Let m > and r > be fixed. As was already mentioned in Remark 1 1.31 

inf Xi(Q,v) = inf X(Q,t) = Ai(0*,re r ). 

nec, \n\<m, WvW^Kt nec, \n\<m 

The optimization problem for X(Q, r) when = m with a supremum instead of the infimum 
has the following solution: 

Proposition 1.8 One has 

sup X(Q,t) = +00, (1.11) 
nec, \n\=m 

whence sup X(Q,r) = +00. 

nec, \n\=m 

The proof follows from a min-max formula for Xi(Q,v) given in [TT] (see Section r4.2l in 
Appendix). 
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Open problem. Finally, we mention as an open problem the characterization of 



inf A(U r) 

nec, \n\=m 

for given m > and r > 0. As for the infimum of A(0, r) with the constraint |0| = m, is 
the infimum of X(Q, r) achieved for the balls ? 

We now turn to the strategy of the proof of our results. Remember first that the proof 
of the classical Rayleigh-Faber-Krahn inequality relies on two fundamental tools. The 
first one is a variational formulation of Ai(f2), which relies heavily on the symmetry of the 
Laplacian: 

/ \X7u(x)\ 2 dx 

Ai(fi) = min . (1.12) 

«efl*(°)\{0} u{x?dx 



The second ingredient of the proof is a spherical rearrangement argument, namely the 
Schwarz symmetrization of functions. Namely, if u : Q — > R, the Schwarz spherical re- 
arrangement of u is the nonnegative function u* : Q* — > R which is radially non-increasing 
(which means, more precisely, that, if R > is the radius of Q*, there exists a non-increasing 
function v : [0, R] — > R such that u*{x) = v(\x\) for all x G fl*) and satisfies 

\{x G fi; \u(x)\ > X}\ = \{x G VI*; u*(x) > X}\ 

for all A > 0. When u G Hq(Q), one has m* G ^o(^), ||«Hx2(q) = || m *|Il2 ( q) and || Vw*|| L2 ( n) < 
||Vw|| i2 (Q) (see Inequality (jl.l|l follows immediately from ()1.12j) and these properties 

ofu*. 

When v ^ 0, the operator — A+w • V is non-self-adjoint, and there is no simple variational 
formulation of its first eigenvalue such as ()1.12|) -min-max formulations of the pointwise type 
(see jTT] and Section [O)) or of the integral type (see [20] ) certainly hold, but they do not seem 
to help in our context. Therefore, it seems impossible to adapt the "classical" proof to prove 
Theorem ll.il However, the proof of Theorem 11.11 also relies on a new type of rearrangement 
argument, which is definitely different from the usual rearrangement of functions. 

First, using essentially the maximum principle and the Hopf lemma, one establishes 
Theorem 11.51 and Theorem II. 61 Once this is done, we are reduced to proving that A(f2, r) > 
A(fi*, r) for all r > 0, and that equality holds only when Q is a ball. 

To that purpose, we consider the function satisfying (|1.7jl . and define a suitable rear- 
rangement of ip, which is different from the spherical symmetrization mentioned before. Let 
us briefly explain what the idea of this rearrangement is. Denote by R the radius of Q*. For 
all < a < 1, define 

Q a = {x G Q, a < (p(x) < l} 

and define p(a) G (0, R] such that |0 | = Bp/ a -\ ■ Define also p(l) = 0. The function 
p : [0, 1] — > [0, R] is decreasing, continuous, one-to-one and onto. Then, the rearrangement 
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of ip is the radially decreasing function u : Q* — > R vanishing on <9f2* such that, for all 
<a < 1, 



The fundamental inequality satisfied by w, which is also the key point in the proof of Theorem 
11.11 is the fact that, for all i6fl', 



(see Corollary IH.fil below) . Strictly speaking, this fact is not completely correct, because the 
function p is not regular enough, and we have to deal with suitable approximations of if. 
We refer to Section El for rigorous statements and proofs. Let us just mention that the proof 
of ()1.13|) relies, among other things, on the usual isoperimetric inequality in W 1 . From ()1.13|) 
and arguments involving the maximum principle and the Hopf lemma again, we derive the 
conclusion if Theorem 11.11 

Finally, using again the same construction and the isoperimetric inequality, we prove that 
equality in Theorem II .11 is attained if, and only if, up to translation, Q = Q* and v = re r . 

Remark 1.9 Notice that the proof of Theorem 11.11 given in Section El still works for r = 
and then provides an alternative proof of the Rayleigh-Faber-Krahn inequality (|l.lj) for the 
Dirichlet Laplacian. 

Outline of the paper. The paper is organized as follows: in Section |2J we show Theorem 
II. 5| Theorem 11.61 and various properties of A(fi, r) and A(0, r). Using the previous results 
and the rearrangement argument briefly described above, we prove Theorem 11.11 in Section 
El Finally, we prove in Appendix the results mentionned in Remark 1 1.41 and Proposition II. 81 

2 Optimization problems in fixed domains 
2.1 Proof of Theorem 11.51 

Throughout this section, we fix Q G C of class C 2,a with < a < 1 and r > 0. The proof of 
Theorem 11.51 relies on the following comparison lemma: 

Lemma 2.1 Let [l G R and v G L°°(Q, W 1 ). Assume that ip and ip are functions in W 2,P (Q) 
for all 1 < p < +oo ; vanishing on dQ, satisfying W^W^ = Halloo- Assume also that ip > in 
Q, ip > in Q and 




u(x) > p 1 (\x\) 



(1.13) 




Then tp = ip inVt. 
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dip 

Proof. Since ip is not constant in Q, the Hopf lemma yields — — < on dQ, where, for all 

Ov 

dip 

x E dCl, — — (x) = Vip(x) ■ v(x) and v(x) denotes the outward normal unit vector at x. Since 
av_ 

<p E C 1, ^(Q) for all < /3 < 1, ip > in Q and ip = on dfl, it follows that there exists 
7 > such that 'yip > ip in Q. Define 

7* = inf {7 > 0, 7^ > tp in Q} . 

One clearly has ^*ip > ip in Q, so that 7* > 0. Define w = ^*ip — ip and assume that w > 
everywhere in f2. Since 

- Aw + v ■ S7w - fiw > in Q (2.1) 

and w = on <9f2, the Hopf maximum principle implies that — — < 0. As above, this yields 

ov 

the existence of k > such that w > in fi, whence 

7* 

-tp > (p in fi. 



1 + « 

This is a contradiction with the minimality of 7*. 

Thus, there exists xo E Q such that w(xq) = (i.e. 7*^(xo) = ^(xo))- It follows 
from (|2.1|) . the fact that w > in f2, u?(xo) = and from the strong maximum principle, 
that w = in Q, which means that ip and ip are proportional. Since they are non-negative 
in Q and have the same L°° norm in Q, one has tp = ip, which ends the proof of Lemma |2~T1 □ 

We now turn to the proof of assertion (a) in Theorem 11.51 and begin with the existence 
of v: 

Lemma 2.2 There exists vE L°°(tt,R n ) with Wv]]^ = r such that\(Q,r) = \i(Q,v) (> 0). 

Proof. In this proof, we write A instead of A(f2, r). Let (vk)k>i be a sequence of L°°(Q, R n ) 
functions with HffcH^ < r such that Ai(0, "U&) converges to A, and, for all k > 1, set A& = 
Ai(f2, ffc) and yjfc = v 9 ^,^- F° r all > 1, one has 

-Ap k + v k ■ Vp k = X k p k a. e. in fi. 

Since the v^'s are uniformly bounded in L°°(f2,IR n ), since the ^'s are uniformly bounded 
in L^fi) (say, 1 < p < +00) and since the A^'s are bounded, the Agmon-Douglis-Nirenberg 
estimates (see [DEI]) show that the ipkS are uniformly bounded in W 2 ' P (Q) for all 1 < p < 
+00. Therefore, up to a subsequence, there exist p belonging to W 2,P (Q) for all 1 < p < +00 
and to C 1,/3 (f2) for all < (3 < 1, and a function / G L°°(VL) such that pk converges to p 
weakly in W 2,p (fl) and strongly in C l,l3 (Q), and Vk ■ Vy?fc converges to / for the *-weak 
topology of L°°(Q). Observe that p = on dQ, <p > in Q and H^H^ = 1. Since, for all 
k > 1, — Ayjfc < Afe^fc + r I Vyjfc| a. e. in Q, one has 

—Ay? < \p> + r |Vy?| a. e. in fl, 
—Ap + / = Ay? a. e. in Q. 
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It follows that / > — r \Vp\ a. e. in Q. For all xeO, define 

S7p(x 

vix^ 



if V<^(a;) ^ 0, 



\Vip{x) 

if Vip(x) = 0. 

Since p is not constant, one has H^H^ = r. Set // = Ai(0,v) and ^ = <^n,« (recall that 
•0 G W /2 ' p (f2) for all 1 < p < +oo). The very definition of A(fi, r) yields that A < fi. 
Moreover, 

—Ay? + u • Vp = —Ap — t |V</?| < Ay? < a. e. in fi, 

whereas —Aip + v- Vip = pip a - e - m ^ * s positive in f2, is non-negative in Q, p = ip = 
on <9f2 and U^H^ = Halloo = 1- Lemma \2. II therefore yields tp — ip in Q. Thus, 

flip = —Atp + v ■ Vp < Ay? < a. e. in f2, 

which means that A = p, or, in other words, that A(f2, r) = Ai(f2, w). Lastly, Ai(f2,t>) > as 
already underlined in Section [TJ □ 

To prove the "uniqueness" statement in Theorem 11.51 we first establish the following 
result: 

Lemma 2.3 Let vq G L°°(fi,IR n ) with H^oll^ < r such that Xi(Q,vq) = A(f2,r) and call 
f — <-Pci,v - ^ en V 9 ^ C 2 ' a (f2) (up to i7ie choice of the continuous representant in the class 
of ip ), \\vq\\ = t and vq ■ Vp = — r | Vp\ a. e. in Q. 



Proof. Define, for all x E Q, 



v(x) 



\Vp{x)\ 
if V<^(a;) = 0, 



so that = t (indeed, p is not constant in Q). If A = A^O, v), one has A > A(0, r). 

Moreover, for ■?/> = y?n,i>, one has 

— Ap + v ■ Vp = —Ap — t \Vp\ < —Ap + v ■ Vp = A(fi, r)p < \p a. e. in fi, 

— Aip + v ■ Vip = Xtp a. e. in Q. 

Since ip > in Q, p > in Q, ip = p = on dfl and Halloo = IMloo = 1> Lemma \2 . 1 1 ensures 
that ip = p. As a consequence, A = A(f2,r), and vq ■ Vp = —r \Vp\ a. e. in f2. Therefore, 
since ||fo||oo < r an d is n °t constant, one gets ||^o||oo = T - Furthermore, up to the choice 
of the continuous representant in the class of p, p satisfies 

-Ap = T\Vp\ + \(Q,r)p g C°> a (Ti), 

hence p G C 2,a (Q) from Schauder estimates ^H]- That ends the proof of Lemma \2. 31 □ 

The last result for the proof of Theorem 11.51 is the following one: 
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Lemma 2.4 Let A 6 1 and ip E C 2 ' a (fl), such that ip = on dfl, ip > in fl, Halloo = ^ 
and 

— Ayj — r |V</?| = Ay? in fl. 

Then A = X(fl, r) and, if v E L°°(fi, R") zs suc/i t/iat IHI^ = t and A(fi, r) = X±(fl, v), then 

<P = <fn,v 

Proof. Let v E L°°(f2,M ri ) such that IHI^ = r and X(fl, r) = X\(fl, v) (such a v exists 
thanks to Lemma l2.2j) . and set ip — <Pn,v, so that 

-Aip + v-Vtp = -Aip - t |V-0| = A(fi, r)V> in ft 

from Lemma f2. HI Define also 

if V<p(x) ^ 0, 
if Vy?(x) = 0. 

One has I lot^ 1 1 = 



so that, by uniqueness of the first eigenvalue and eigenfunction for —A + w ■ V, one has 
V 9 = ¥n,w and A = Xi(fl, 10) > X(fl, r). As a consequence, 

— Aip + f ■ Vy? > — Aip — r | Vy?| = A<y9 > X(fl, r)<^ in fi. 

Another application of Lemma \2 . 1 1 shows that (p — i/j — (pn tV , and that A = X(fl, r). □ 

We now complete the 

Proof of Theorem 11.51 The existence of y_ and the identity v ■ ip = —t |Vy in have 
already been proved. Let v\ and t>2 G LF°(ft) with H^iH^ < r, Ht^H^ < t and Ai(fi, v\) = 
Xi(fl,v 2 ) = A(fi,r). Note <p x = and ip 2 = tpn, V3 , so that (p 1} ip 2 E C 2 > a (fl), • Vy?i = 
— r|V^i| andt>2-Vy3 2 = ~ T ^^2\ a - e. in fl bv Lemma l2~31 Furthermore, ||i>i||oo — ll^lloo = 
r. One has 

—Aip i + t>i • Vipi = —Aipx — r \Vipi\ = A(0, r)(^i in fl, 

(2.2) 

-A<£ 2 + v 2 ■ Vip 2 = -Aip 2 - r \V<p 2 \ = A(0, r)ip 2 in f2. 

Lemma 12.41 therefore shows that ip\ = ip 2 := ip, which yields V\{x) = v 2 (x) = 
— rVip(x)/\Vip(x)\ almost everywhere in the set of x E fl such that S/ip(x) ^ 0. What 
remains to be proved is the fact that Vip(x) ^ for almost every x E fl (that will then im- 
ply the uniqueness of v in Theorem II .51 and the fact that \v(x) \ = r almost everywhere in fl). 
To that purpose, we recall that, for all p > 1 and all function g E W 1,p (fl), Vg = almost 
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everywhere in the set {x G £1, g(x) = 0}. For each 1 < % < n, this observation applied with 
— yields 

OXi 

}2, 



{V^=0} 



Aip(x)dx = ^2j -^{x)l{v<p=o}{x)dx = 0, 



where 1e denotes the characteristic function of a set E. Therefore, since A(il,r) > 0, (|2.2j) 
ensures that 

/ ip(x)dx = 0, 

J{\7 V =0} 

and since f(x) > for all iGfl, one has \{Vif = 0}| =0, which ends the proof of assertion 
(a) in Theorem 11.51 

The proof of assertion (b) is entirely similar, except for the proof of the existence of v, for 
which we need to know a priori that, given Q G C and r > 0, there exists C > such that, 
for all v G L°°(fi, R n ) satisfying ||u|| < t, one has Xi(Q,v) < C. But this is true in virtue 
of Proposition 5.1 in |TT], which yields the existence of some constant C(fl,r) > such that 

|Ai(n,u) — Ai(n,o)i < c(fi,T) 11^11^. □ 



2.2 The case of a ball 

This section is devoted to the 

Proof of Theorem II. 6L Denote by R > the radius of Q, namely Q = B 7 ^, and let 
V 9 — fn,v- Recall that 

— Atp — t | V(p\ = A(0, r)ip in Q, 

thus, ip G C 2,/3 (fi) for all < (3 < 1 from Schauder estimates ^H]- Let A be an orthogonal 
transformation in MJ 1 and ip = ip o A. Easy computations show that ip satisfies the same 
equation as if, and Lemma 12.41 ensures that if) = if in Q. In other words, if is radial, and 
we may define u : [0, R] — > R such that, for all a; € O, V 9 ( x ) = ^(l^l)- The function u is 
continuous in [0, R], positive in [0, R), its maximum in [0, R] is 1 and u(R) = 0. 

We claim that u is decreasing in [0, R}. First, there exists r G [0, R) such that M(r ) = 1. 
If r > 0, since 

-Aip + v ■ Vf = X(n, r)if > (2.3) 

in B™ o , the maximum principle shows that f{x) > 1 for all x G B™ , and therefore that 
if(x) = 1 in 5" , which contradicts ()2.3|) . Thus, tt(0) = ip(0) = 1 and u(r) < 1 for all 
< r < R. Assume now that u is not decreasing in [0,i?]. This means that there exist 
< r < ri < -R such that w(r ) < u(r{). Notice that r± < R, < r and set m = u(r\) G 
(0, 1). Since u is continuous, there exists r 2 G (0,r ] such that u(r 2 ) = m and m < u{r) < 1 
for all r G [0,r2). Since ()2.3j) holds in the spherical shell U — {x G R n ; r 2 < |a?| < ri}, the 
maximum principle applied to (f in U shows that f(x) > m for all x G U. If ^(^o) = m f° r 
some Xo G Z7, the the strong maximum principle implies that ip is constant in U and this is 
impossible because of (|2.3jl . Therefore, v 9 ( a; ) > in f/, and Hopf lemma yields 

w'(r2) = V(/?(x) • e r (x) > 
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for all x with |x| = r 2 . This contradicts the definition of r 2 . 

Finally, u is decreasing in [0, R] and Hopf lemma applied to (|2.3|) on the boundary of 
any ball B™ with r G (0, R] implies that V<p(x) ■ e r (x) < for all x G fi\{0}. To sum up, 
Vy?(x) = it'(|a;|)e r ^ for all x G H \ {0} and, for all x 7^ 0, 

/ \ V</?(x) 

= ~ T wm = Ter{x) 

from Lemma \2. 31 

The argument for v is completely similar, and this ends the proof of Theorem 11.61 □ 

2.3 Further properties of A(fi, t), A(Q,t) and F n (m,r) 

We prove here the continuity and monotonicity of the maps r > X(Q, r) and r 1— > X(Q, r). 

Lemma 2.5 Lei Q <E C be fixed. Then the function r \— > X(fl, r) is continuous and decreasing 
in [0, +00). 

Proof. That this function is non-increasing follows at once from the definition of A(0, r). 
Let now < r < r' be given. Under the notations of part (a) of Theorem 11.51 there is a 
(unique) v G L°°(fi,IR n ) such that A(f2, r) = Ai(Q, t;) and \\v\\oo < t (actually, ||u||oo — r )- 
Since ||t>||oo < T ', the uniqueness result in Theorem 11.51 yields Xi(Q,v) > X(Q,t'). Therefore, 
the map r 1— > A(fi, r) in decreasing in [0, +00). 

Fix now t > 0, let (rfc)fc>i be a sequence of non-negative numbers converging to r and 
write X k = A(f2,Tfc). For each k > 1, Theorem 11.51 provides the existence of a function 
y? fc G C 2 ' a (H) (0 < a < 1 is so that is of class C 2 ' a ) such that 

-A(p k - r fc I V^fcl = X k (p k in (2.4) 

with ip k > in Q, ip k = on <9f2 and ||^fe||oo = 1- Observe that the sequence (Xk)k>i is 
bounded (if A > is such that < r k < A for all k, one has < A(0, A) < X k < X(Q, 0)) 
and therefore the (p k s are uniformly bounded in W 2,P (Q) for all 1 < p < +00 and then, again 
because of (|2.4|) . the functions v?fc are uniformly bounded in C 2 ' a {Vt). Up to a subsequence, 
the sequence (Afc)fc>i converges to A > and there exists a function G C 2,a (f2), such that 
{<Pk)k>i converges to strongly in C 2,/3 (f2) for all < (3 < a. One therefore has 

— Aip — t \V(f \ = X(f in Q, 

and if > in Q, Halloo = 1, 9? = on <9f2. Since — Aip > in f2, the strong maximum 
principle yields ip > in Q. It follows from Lemma l2~4l that A = A(fi, r). Thus, the sequence 
(Afc)fc>i is bounded and any converging subsequence of (A^)fc>i converges to X(fl, r), which 
shows that X k — > X(Q, r) and ends the proof of Lemma f2. 51 □ 

Similarly, the following result holds 

Lemma 2.6 Let Q G C be fixed. Then the function r 1— > X(Q, r) is continuous and increasing 
in [0, +00). 
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The proof is similar to the one of Lemma 12.51 except that the function ip obtained in the 
end of the argument satisfies — A<p + r \Vp\ = Xp in Q. Setting 



v(x) 



\V<p(x)\ 
if Vip{x) = 0, 



one has — Ap + v ■ Vy? > on Q, and the strong maximum principle yields p > on Q, and 
one concludes as in the proof of Lemma 12.51 □ 



Remark 2.7 An immediate application of Proposition 5.1 in ^T] yields that, for given 
Q G C, the map v t— > Ai(fi, v) is continuous as well (with respect to the L°° norm for v). 

Remark 2.8 From Theorem ll~o1 and Lemma l2~5l one gets that F„(m, r) = Xx(B? , y /n ,re r ) 
is decreasing in r. Furthermore, because of the strict monotonicity of the first eigenvalue 
with respect to the inclusion of the domains, F n (m, r) is decreasing in m as well. 

Actually, the map (m, r) i— > F n (m, r) is continuous on (0, +oo) x [0, +oo). The proof of 
this fact is very similar to the one of Lemma 12.51 

3 Proof of the main Faber-Krahn type inequality 

This section is devoted to the proof of Theorem 11.11 For the sake of clarity, we divide the 
proof into two parts : first, in Section ETT1 we prove that, for all r > and OgC, there holds 
Ai(fi, v) > Ai(f2*, re r ) for all v G L°°(Q) with ||v||i,°°(n) < T - One recalls that Q* denotes the 
open Euclidean ball of lR n with center and such that = \Q\. Then, in Section we 
discuss the case of equality. 

3.1 Proof of inequality Xi(Q,v) > Ai(fT,re r ) 

Let r > and Q G C be fixed, of class C 2,a for some < a < 1. Let R > be the radius 
of the ball O*, namely f2* = and R = (|f2|/a ra ) 1//n . Recall that e r denotes the unit radial 
vector field: e r (x) = x/\x\ for x^O. 

In order to prove the first part of Theorem ll.il one shall show that Ai(f2, v) > Ai(f2*, re r ) 
for all v G L°°(Q) such that ||u||i,«>(n) < t. Owing to the definition of A(Q,r), it is then 
enough to prove that 

A(fi,r) > Ai(fi*,re r ). 

From the characterization of A(fi, r) in Theorem II .5| let us call (p the unique solution of 
(|1.7)1 . such that <p > in Q, \\<p\\l°°(ci) = 1 and p = on <9f2. Namely, the function p, of 
class C 2 ' a (fi), satisfies 

-Ap = r\Vp>\ + X(Q,r)p> =: f in Q 

ip > in (3.1) 

y9 = on 
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Furthermore, as already underlined in Section ^ A(fi, r) is positive and, on dfl = {x G Q, 
<p(x) = 0}, V(p from Hopf Lemma. Therefore, the continuous function / is positive in 
f2 if r > 0. If r = 0, then / is continuous in Q, positive in Q, and it vanishes on dQ. 

From Stone- Weierstrass Theorem, let us choose a sequence (fk)ken °f polynomial func- 
tions such that 

f k -> / in C (n) as fc -> +oo. 

If r > 0, one can assume without loss of generality that fk > in Q for all k G N. If r = 0, 
setting fk = fk — m i n n/fc + + 1) and renaming as one still has that fk —> f 
uniformly in f2 and /& > in Q for all fceN. 

For each fceN, call the unique solution in C 2 ' a (Q) of 

f -A<^ fe = f k in f2 
(/)(. = on 90. 

The maximum principle implies that ifk > in Q for all fcGN. 

We first work with a fixed k (large enough if necessary) and we will then pass to the limit 
as k — > +oo at the end of the proof. 

Let first k G N be fixed and let us introduce a few notations which will be used throughout 
this section. Call 

Mk = max <fk(x) 

and, for a G [0, Mk], 

S fc ,a = {ieft, ^fc(z) = a}. 

The function can be written as (fk — f'k + fk where tp' k is a polynomial function such 
that — A<yj' fc = /fc, and ^ is harmonic in Q. Therefore, (fk is analytic in Q. On the other 
hand, Hopf lemma implies that < on dVt [y is the outward unit normal on dQ), whence 
the set {x G Q, Vifk{x) = 0} is included in some compact set Kk C Q. It then follows that 
the set 

Z k = {ae [0,M k ], 3x G Z k ,a, Vipk(x) = 0} 
of the critical values of ifk is finite ([25]) and can then be written as 

Zk = { a k,l, • • • , a k,m k } 

for some G N*. Observe also that Mk G and that ^ Zj. One can then assume that 
< a k ,i < ■■■ < a k) m k = M k . 

The set Y k = [0, Mk]\Zk of the non critical values of (fk is open relatively to [0, Mk] and 
can be written as 

Y k = [0, M k ]\Z k = [0, a M ) U (a M , a fcj2 ) U • ■ • U (o fc>mfc _i, M fc ). 

For all a G the hypersurface is of class C 2 and |Vy3 fc | does not vanish in E fc;a . 
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Therefore, in Yu, the functions 



.'//,■ : / \V<p k (y)\ 1 da k , a (y) 



hk : a 



i k : a 



fk(y)\Vip k (y)\ 1 da k>a (y) 

,a 

d(Tk,a(y) 



(3.2) 



k,a 



are continuous in Y k , where da k , a denotes the surface measure on Sfc >a for a G Yfc- 
For all a G [0,M fc ), let 

^fc,a = G O, a < <p fc (a;) < M fc } 
and Pfc(a) G (0, i?] be defined so that 

\^k,a\ = \Bp k (a) \ = a nPk(a) n , 

where one recalls that a n is the volume of the unit ball S™. One extends the function p k at 
M k by p k (M k ) = 0. 

Lemma 3.1 The function p k is a continuous decreasing map from [0, M k \ onto [0,i?]. 
Proof. The function p k : [0, M k ] — > [0,R] is clearly decreasing since 

\{x G fi, a < (p k (x) < b}\ > 

for all < a < b < M k . 



Furthermore, for all a G (0, MJ and all 1 < i < n, since - r * = almost everywhere on 

oxf 

as already mentioned in the proof of Theorem 11.51 one has 



the set where 



d<Pk 



dxi 



/ Aip k (x)dx = / Ty(i) x 1^ Jx) x l {ipk=a} (x)dx 

J^k.a i=1 \ Jn ox { \ a*, i 



+ 



(x) x l { a^ <0} (a;) x l Wk=a} (x)dx 



But, using the same observation again, l,a Vk , (x) X l{ yt ,= a }(x) = 1 f e^ (x) x l {(pfc=a }(x) 
for almost every iGll. As a consequence, 



Ay3fe(a;)(ix = 0. 



But — Aiff, = f k and the continuous function f k is positive in f2. One then gets that |£fc, a | = 
for all a G (0, M k \. Notice that |E M | = \d£l\ = as well. Lastly, p fc (0) = R and p fc (M fc ) = 0. 

Therefore, the function p k is continuous in [0, M k ]. As a conclusion, it is then a 
one-to-one and onto map from [0, M k ] to [0, R\. □ 
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Lemma 3.2 The function pk is of class C 1 in Yk and 

Wa E Yfc, p' k (a) = -(na n p k (a) n ~ l y l g k (a), 
where the function g k is defined in \3. fy) . 

Proof. Fix a E Y k . Let rj > be such that [a, a + rj\ C Y k . For t E (0, 77), 



a n (pk(a + t) n - p k (a) n ) = \tt k ,a+t\ ~ \^k,a\ = - / dx 

{a<ipk(x)<a+t} 



a+t 



\Vip k (y)\ l do- k , h (y) db 



k.b 



from the co-area formula. Hence, 

a n (p k (a + t) n - p k (a) n ) 



-gk{a) as t — > 0' 



t 

for all a G Y k , due to the continuity of g k in Y k . Similarly, one has that 

a n (p k (a + t) n - p k (a) n ) 



t 



-gk{a) as t — > 0' 



for all a E Y k \{0}. 

The conclusion of the lemma follows since Y k C [0, M k ), whence Pk{a) ^ for all a E Y k .a 

The key-point in the proof of Theorem II .11 is the construction of some auxiliary functions 
u k defined in Q*. For each k E N, the function is obtained from (fk by a special new type 
of symmetrization. 

Remember that Q* = B\ and define first, for all r E (0, R], 

v k( r ) = ~~r / Ap k (x)dx, 



na n r n 1 J n 

where p^ 1 : [0,R] — > [0,M k ] denotes the reciprocal of the function p k . Set v k (0) = 0. 

Lemma 3.3 The function v k is continuous in [0,R], and negative in (0,R\. 

Proof. The continuity of v k in (0, R] is a consequence of Lemma 13. II and the fact that A(p k 
is continuous and thus bounded in f2. 
For < r < R, one has 

\v k (r)\ < {notnr^Y^AtpkWoo a n r n = n^HA^H^ r, 

thus v k is continuous at as well. 

The negativity of v k in (0, R] follows from the negativity of A(p k (in other words the 
positivity of f k ) in Q and the fact that \Qk,a\ > for all a E [0, M k ). □ 
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For all xefl*, set 

f R 

u k {x) = - v k (r)dr. 

J\x\ 

The function u k is then radially symmetric in Q*, decreasing in the variable \x\, positive in 
Q*, vanishing on dQ* and, from Lemma EHU and the fact that v k (0) = 0, u k is of class C 1 (fi*). 
Call 

E k = {x e fi*, \x\ e p k {Y k )}. 

The set E k is a finite union of spherical shells and from Lemma f3. 11 it is open relatively to 
Q* and can be written as 

E k = {x e R n , \x\ e (0, pk(a k ,m k -i)) U ■ • ■ U (pk(a k ,2),Pk(ak,i)) U (p k {a k ,i) , R]} . 

with = p k (ak,m k ) = Pk{M k ) < pk{a k ,m k -i) <■■■ < p k (a k ,i) < R. Notice that £ 

Lemma 3.4 The function u k is of class C 2 in E k . 

Proof. By definition of u k , it is enough to prove that the function 

w k : r ^ A<p k (x)dx = - fk(x)dx 

k,P k (r) k,p k (r) 

is of class C l in p k {Y k ) (c (0,R\). 

Let r be fixed in p fc (Yfc) = (0, p k (a k>m -x)) U ■ ■ ■ U (p k (a k , 2 ), Pk(o-k,i)) U (p&(afe,i), and let 
r/ > be such that [r — 77, r] C Pk(Yk)- For £ 6 (0, 77), one has 



w k (r-t) -wjfe(r) = / fk(x)dx 

I fk{y)\^Vk{y)\ da k , a (y) ) da = / h k (a)da, 

Ip-^r) \Js kia J Jp-\r) 

where /tfc is defined in (13. 2j) . Since p^ 1 is of class C 1 in pfc(Yfc) from Lemma l3~2l and since /i^ 
is continuous in Y k , it follows that 

mt(r - i) r mt(r) - wwjcft-j-w = - " a " r "7-t'f (r)) ■» * - o+. 

-* 0*(p* ( r )) 

The same limit holds as t — > _ for all r G pfc(Yfc)\{.R}. Therefore, the function is 
differentiate in Pfc(lfc) an d 

u \ nanr^h^p^ir)) 
w' k (r) = " k for all r 6 p A (Y fc ). 

Since p^ 1 is continuous in [0,i?], and and h k are continuous in the function w k is of 
class C 1 in pjt(lfc). That completes the proof of Lemma [3.41 □ 

The central argument is the following pointwise inequality satisfied by the "symmetrized" 
function u k obtained from (p k . This inequality has its own independent interest. Besides the 
definition of u k , it uses the classical isoperimetric inequality. 
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Proposition 3.5 For all x G E k and for all 00 > 0, 

Au k (x) +uj \Vu k (x)\ > min {Aip k (y) + u \Vip k (y)\). (3.3) 

Furthermore, for any unit vector e ofW a , the function 

U k : [0,M k ] -> R + 

a i-> u k (p k (a)e) 

is continuous in [0, Mfc], differ entiable in Y k , and 

Va G F fc) C^(a) > 1. (3.4) 

The first part of this proposition means that, for each x G E k and uj > 0, there is a point 
y EVL such that <£>&(?/) = p^Q^I) and 

Au fc (x) + u \Vu k (x)\ > Acp k (y) + u \Vcp k (y)\. 

Before doing the proof of Proposition 13.51 let us first state the following 

Corollary 3.6 For all x G f2* , 

u k {x) > p k x {\x\). 

Proof. On the one hand, Y k = [0,0^1) U (0^1,0^,2) U • • • U (a k , mk -i, M k ) and the function 
p k is continuous in [0, M k ], differentiable in Y k (Lemmata 13.11 and I3.2j) and p k (0) = R. On 
the other hand, the function u k is of class C 1 (fi*), radially symmetric, u k [x) = as soon as 
\x\ = R. Corollary 13.61 then follows from ()3.4j) and mean value theorem. □ 

Proof of Proposition 13*31 Fix x G E k and rj > such that {y, \x\ — 77 < \y\ < \x\} C E k . 
Call r = |x|. One has 

\V Vk {y)\da Kp - Hr) {y) = - ^(^^(y), 

k,P k (r) k,p k (r) 

where v denotes the outward unit normal to dVt kp -i^ (note that < on dQ kp -i^ by 
definition of n fcj/J -i^). Green-Riemann formula and the choice of u k yield 



\Vip k (y)\da hjP -i {r) (y) = - A<p k (y)dy 

= — na n r n_1 f fc (r) = na n r n ~ x \ \Ju k [x) \. 

In the sequel, let 

5 SiS / = {z6»", s < \z\ < s'} 
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be the spherical shell of R n between the radii s and s', with < s < s'. Let t be any real 
number in (0,r]). A similar calculation as above gives 



Au k (y)dy 



dS r —tr 



dv 



(y)da(y) = na n [r n - x v k {r) - (r - t^v^r - t)} 



where da and v denote the superficial measure on dS r _ t ,r and the outward unit normal to 
S r - tr - By definition of v k , one gets that 



Au k (y)dy 



Sr — t.r 



&(p k {y)dy. 



(3.6) 



For a G [0,M k ), call 



.//.■(") r - : I \VMy)\dy- 



The Cauchy-Schwarz inequality gives 
Mp- k \r))-J k {p- k \r-t))f = 



< 



\V(p k (y)\dy 

J 12 — i 



\V Vk {y)\ 2 dy. 



k ,P h M k ,P h (r-t) 



Thus, 



\Vip k {y)\dy 



< A 



P~k\r-t)-p- k \r) 
Jk{p- k \r))- ]k {p- k \r-t)) 



(3.7) 



\V<p k (y)\ 2 dy 



x- 



Pk\r-t)- p - k \r) 



The first factor in the right-hand side of the above inequality converges to l/i k (p k ~ 1 (r)) as 
t — > + (where is defined in (|3.2|1 ). from the co-area formula and the facts that i k is 
continuous in Y k 3 p^ x (r) and p^ 1 is continuous in [0,R). Similarly, 



\VMy)\ 2 dy 



^ k ,P h 1 (r)\^k,p, 1 (r-t) 



from (|3.5|) . Therefore, 

.4 



4^0+ 



I V^ fe (y) \da k -i (r) (y) = na n r" | Vw fc (x) | 



„n-l 



t-»o+ «fc(p fc A (r)) 



(3- 
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from the isoperimetric inequality applied to S fc -x 



na n r n 1 < i k (p k (r))). As a consequence, 



/ 

■/si 



|Vvfc(j/)|dj/ 



<9i\ p -i (r) and 95™ (namely, 



lim sup 



n 



fe,p^ 1 (r)\ Q fe,p^ 1 (r-t) 



< |V« fc (x)|. 



(3.9) 



Let > be fixed and let (ez)zeN be a sequence of positive real numbers, such that E\ — > 
as Z — > +oo. It follows from (|3.6|) and (|3.9|) that there exists a sequence of positive numbers 
ti G (0, 77) such that ti — > and 



[A^ fe (y) +u; |V<p fc (y)|]dy 



n -1. .\n 



< 



^fe, /0 - 1 (r)\^fc,p^ 1 (r-t ! ) 

/ Au k (y)dy 

J Sr — ti,r 



(3.10) 



W (1 + £i)\Vu k (x)\. 



Since is radially symmetric and of class C 2 in .E^ (Lemma 13 .4j) . and since 



\S r -t 



l,r\ 



for all / G N, the right-hand side of (|3.1(J|) converges to Au k (x) + u \Vu k {x)\ as / — > +00. 

On the other hand, since the function ip k is of class C 2 (Q), (j3.10p shows that there exists 
a sequence of points (yi)ien of such that ip k (yi) £ [Pfc ( r )> P k X ( r — ^)] an d 

lim sup [A</? fc (y;) + u; \Vip k (yi)\] < Au k {x) + u \Vu k (x)\. 

l—*+oo 

Up to extraction of some subsequence, one can assume that y% — ► y G fi, with <^&(y) = P k {r) 
(namely y G S, -i (r) ) and 



A<f k (y) +u \V(p k (y)\ < Au k (x) + u \Vu k (x) 



That completes the proof of inequality ()3.3j) . 

For the proof of ([3.4)1 . let us first observe that the function [4 is differentiable in Y/., 
from Lemma 13.21 and the fact that u k is of class C 1 (r2*). Furthermore, since u k is radially 
symmetric and decreasing with respect to the variable \x\ and since p k is itself decreasing, it 
is enough to prove that 

\p' k (P~ k \\A))\ x |V« fc (x)| > 1 

for all x G E k . 
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Fix x G E k and use the same notations as above. It follows from ()3.7|) that, for t G (0, rj), 



1 < A x 



n *,pr 1 (r)\ n fc,pr 1 (r-t) 



|V^ fc (j/)|dj/ 

\, ): ,- 1 (r)\ n fe,^ 1 (r-t) (3.11) 

4 v an^^Wr-ft^C-t))"] v P^(r) - P k \r - t) 
Pk l {r)-p^{r-t) 



\^(fk(y)\dy 



Since p^ 1 is continuous in [0, R] and p^ is differentiable in Y k 9 ( r )> the second 
factor in the right-hand side of the above inequality converges to na n r n ~ l p' k {p k l (r)) = 
— na n r n_1 |p^,(p^ 1 (r))| as t — > + . On the other hand, as already underlined earlier in the 
proof, the third factor converges to — l/ifc(p^ 1 (r)) as t — ► + . Together with ()3.8j) . the limit 
as i — > + in ()3.11|) leads to 



n — 1 

1 < " V ^ X Id^V))! x |V« fc (x)|. (3.12) 

The isoperimetric inequality yields na n r n_1 < ikip^ 1 ^)), whence 

1 < x |Vu fc (a:)| 

and the proof of Proposition 13.51 is complete. □ 
Lemma 3.7 For all e > 0, there exists ko G N such that 

-Au k - (r + e) \Vu k \ < [X(Q,r) + e] u k in E k (3.13) 

for all k > ko- 

Proof. Let us first recall that <p is of class C 2 ' a {VL) and satisfies ()3.1j) . As already underlined 
at the beginning of this section, | V<p| and <p are continuous nonnegative functions in which 
do not vanish simultaneously. There exists then 7 > such that 

|V<p| + <p > 7 > in H. 

Fix e > 0. Since 

— A<pfc = /fc — >■ / = t\ V<p| + A(f2, r)<p = — A<p as — > +00 

uniformly in Q, standard elliptic estimates imply that ip k — > <p as — > +00 in W /2,p (f2) for 
any 1 < p < +00, whence — > <p in C 1,/3 (f2) for all /? G [0, 1). As a consequence, 

Ay? fc + (r + e)|V<p fc | + [A(0,r) +e] <p k -> A<p + (r + e)|V<p| + [A(0, r) + e] <p 

= e(|V<p|+<p) 
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uniformly in ft. But 

s(\Vip\ + (p) > £7 > in ft 
from the choice of 7. Therefore, there exists k G N such that 

&<pk + (T + e)\V(pk\ + \\(to,T)+E]<p k >0 in ft (3.14) 

for all k > fco- 

Let fc e N be such that k > k and let x be in From Proposition 13.5) there exists 
y G ft such that <pk(y) = Pk i\ x \) an d 

Au k (x) + (r + e)\Vu k (x)\ > Aip k (y) + (r + e)|V^(y)|. 

Thus, 

Au k (x) + (r + e)\Vu k (x)\>-[\(n,r)+e] <p k (y) = -[A(ft, r) + e] p k ^x]) (3.15) 
from 1)3. 14|) . Inequality ()3.13|1 follows from Corollary 13.61 and the fact that A(ft, r) + e > On 
Lemma 3.8 For all e > 0, 

A(ft, r)+e> Ai(0*, (r + e)e r ) = A(ft*, r + e). (3.16) 

Proof. Fix e > and let G N be large enough so that 1)3.13)1 holds. Let ip be the solution 
(unique up to multiplication) of (jl. 9j) with coefficient r + e instead of r. Namely, ^ £ C 2 (ft*) 
solves 



-A^ - (r + e)|V^| = -A^ + (r + e)e r • = Ai(ft*, (r + e)e r )V> 

= A(ft*, t + e)ip in ft* 

ip > in ft* 

^ = on aft* 



(3.17) 



Assume that the conclusion of Lemma 13.81 does not hold, namely assume that 

A(ft,r) +s < A(ft*,r + e). (3.18) 

We shall argue as in the proof of Lemma [2. II and compare u k with ip. Let us first point out 
that, from Hopf lemma, ^ is negative and continuous on the compact <9ft*, where v is the 
outward unit normal to <9ft*. Furthermore, ip is (at least) of class C 1 (ft*) and is positive in 
ft*. On the other hand, the function u k is (at least) of class C 1 (ft*). Therefore, there exists 
rjo > such that 

V rj > 7/0, u k < ryip in ft*. 

Call _ 

rf = inf {i] > 0, u k < rjip in ft*}. 

The real number rf is positive since u k > in ft*. There holds 

u k < rj*ip in ft*. 
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Two cases may then occur : either u k < f]*ip in Q*, or minn*(r]*if} — u k ) = 0. Let us first deal 
with 

Case 1 : Uk < f]*^ i n Since Uk is of class C 1 (Q*), radially symmetric and decreasing 
with respect to the variable \x\, one has e r ■ V«fc = — |Vti&| in Q*. It then follows from (|3.13jl 
and (ETTHJ) that 

— Au k + (r + e)e r ■ Vu k < A(0*, r + e)uk in E fc PI Vt 

(remember that u k > in 

Call 2 = 7]*tp — Uk- From the definition of ip in ()3.17|) . one gets that 

-Az + (r + e)e r -Vz> \{Q*,T + e)z mE k nQ*. (3.19) 

But z is positive in Q* and it is of class C 2 (Ek) and of class C 1 ^*). Furthermore, z vanishes 
on dtt* = {x G W 1 , \x\ = R} and 

E k nn*D s Pk 

(a kil ),R — { x , Pfc( a fc,l) < \ X \ < 

with Pk(o-k,i) < R- Hopf lemma yields |^ < on <9fi*. As in the beginning of the proof of 
this lemma, there exists then e > such that z > e'uk in VL* for all e' G [0, eo]. Hence, 
Uk < in ^* for all 77 > 77*/ (1 + Eq). That contradicts the minimality of rf and case 1 is 
ruled out. 

Case 2 : the case where min^. {rfip—Uk) = min^* z = is itself divided into two subcases : 
either min^.p^ z = 0, or z > in Q* R E k and there exists y G fi*\E k such that = 0. 

In the first subcase, since E^Hfi* is open and which satisfies (|3.19|) . is nonnegative and 
vanishes at some point x G E k f)Q*, the strong maximum principle implies that z vanishes in 
the connected component of E k fl Q* containing x. That is impossible because of the strict 
inequality in (j3.19|) . 

Therefore, only the second subcase could occur. In that subcase, owing to the definition 
of Ek, \y\ = Pk(dk,i) < R for some i G {1, • • • , rrik} and there is r > such that 

s = s \v\m+to = {v'i \v\ < \v'\ < \v\ + M c^n n*. 

The function z is of class C 2 (S) fl C 1 (S), it is positive in S and vanishes at y G dS*. Fur- 
thermore, z satisfies (I3.19J) (at least) in S. Hopf lemma implies that e r ■ Vz(y) > 0, where 
e r = y/\y\ if y 7^ 0, and e r may be any unit vector if y = 0. But z is of class C 1 (fi*) and it 
has a minimum at y G H*, whence Vz(y) = 0. This gives a contradiction. 

Case 2 is then ruled out too and the proof of Lemma f3. 81 is complete. □ 

Proof of the inequality v) > Ai(0*, re r ). Let us now complete the proof of the first 

part of Theorem ll.il To do so, remember that the function uj 1— > X(Q*,uj) is continuous in 
M + (see Section l2~3*l Lemma f2.5|) . Therefore, passing to the limit as e — > in ()3.16|) yields 

A(fi,r) > A(fi*,r). 

On the other hand, from Theorem 11.61 A(fi*,r) = Ai(f2*,re r ). As a conclusion, 

Ai(fi, v) > A(0, r) > A(fi*, r) = Ai(fl*, re r ) 

for all v G L°°(f2) with \\v ||L°°(n) < r - That completes the proof of formula ()1.3|) in Theo- 
rem □ 
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3.2 Characterization of the case of equality in ( 11.31 ) 

We use in this section the same notations as in Section 13.11 Assume first that fl is a ball, 
say with the origin as center (up to translation). In other words, assume that fl = fl*. It 
follows from Theorems 11.51 and 11.61 that . for all v £ L°°(Q*) with ||i>||.L°°(n*) < T , the equality 
Ai (SI* , v) = Ai(f2*, re r ) holds only when v = re r . 

Consider now the case where fl is not a ball and call R = (\fl\/ a n ) l l n the radius of fl* . 
We shall prove that 

Xi(fl,v) > Ai(ST,re r ) = A(ST\r) 

for all v £ L°°(fl) with ||i>||L°°(n) < t. Owing to the definition of A(fi, r), it is enough to 
prove that 

A(S1,t) > A(ST,t). (3.20) 
The proof is divided into several lemmata. 

First, the isoperimetric inequality yields the existence of (3 > such that 



area(<9ft) = f da aQ (y) > (1 + (3)na n R n ~\ (3.21) 



where the left-hand side is the (n — l)-dimensional area of dfl. 

Call d(x, A) the Euclidean distance of a point x £ W 1 to a set A C M n . For all 7 > 0, 
define 

U 1 = { x e H, d{x, dfl) < 7} 

and for all y £ dQ, call z/(?/) the outward unit normal to Q. Since dQ is of class C 2 , 
there exists 71 > such that the segments [y, y — 7i^(y)] are included in fl and pairwise 
disjoint when y describes dfl (thus, the "segments" (y,y — ji^iy)] describe the set {x £ fl, 
d(x,dQ) < 71} as y describes dQ). 

Lemma 3.9 Let (p £ C 2 ' a (Q) solve with \\tp\\L°°(ji) — 1 and call 

m = min |Vy?(?/)|. 

Then m > and there exists 7 2 £ (0,71] such that, for all 7 £ (0, 72], |V<£>| ^ in U 1 , 
Vip(y — ru(y)) ■ u(y) < for all y £ dfl and r £ [0, 7], and (p > / -ym/2 in fl\U 7 . 

Proof. Let us first observe that m > since (p is (at least) of class C 1 (S7) and §^(y) = 
V(p(y) ■ v{y) < for all y £ dfl (from Hopf lemma). 

Assume that the conclusion of the lemma does not hold. Then there exists a sequence of 
positive numbers (7')^ — > such that one of the three following cases occur : 1) either for 
each / £ N, there is a point X[ £ U~i such that V(p(xi) = 0, 2) or for each / £ N, there are a 
point yi £ dfl and a number r\ £ [0,7*] such that V(p(yi — rivijji)) ■ v(yi) > 0, 3) or for each 
I £ N, there is a point x\ £ ft\U^i such that <p(xi) < ■y l m/2. 

In the first case, after passing to the limit up to extraction of some subsequence, there 
would exist a point x £ dfl such that Vip(x) = 0. This is impossible. Similarly, in the second 
case, there would exist a point y £ dfl such that V(f(y) ■ v(y) > 0, which is still impossible. 
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Assume that the third case occurs. Let yi G dQ be such that 

di := \xi -yi\= d(x h dQ) > 7' > 0. 

Up to extraction of some subsequence, one has xi — > x G Q and <p(x) < by passing to the 
limit as I — > +00 in the inequality ip(xi) < / y l m/2. Since ip > in fi, it follows that x G dQ, 
whence \x\ — yi\ — > and ^ — * x as Z — > +00. On the one hand, the mean value theorem 
implies that 

yj(a;j) - (p(y t ) x t - y x 

— : : — = V(p(z[) ■ -. r — ► — vp(x) ■ vix) = \vp{x)\ as I — > +00, 

\xi—yi\ \xi—yi\ 

where z\ is a point lying on the segment between xi and yi (whence, z\ — > x as I — > +00). 
On the other hand, since p = on <9fi, 

yfo) - _ p(xj) jhn _ m 
\xi~Vi\ di 27' 2' 

Hence, |Vy?(x)| < m/2 at the limit, which contradicts the definition and the positivity of m.u 

In the sequel, we use the same functions p k as in Section |3~T1 together with the same sets 
Z k , Y k , Q k>a , S fc>a and functions p k , u k , etc. 

Lemma 3.10 There exist k\ G N and a > swc/i t/iat [0, ao] C Y k for all k > k\, and 

ik{a) = J da k , a (y) = area(S feja ) > ^1 + ~J na n R n ~ l 
for all k > k\ and a G [0, ao], where (3 > is given in hS.21\) . 

Proof. Let 72 > be as in Lemma 13.91 By compactness of U l2 and dQ, and since <p is of 
class C 1 (fi), there is 5 > such that \Vp\ > 6 in U l2 and Vpiy — rv{y)) ■ v{y) < —8 for all 
y G dQ and r G [0, 72]. 

Since — > ip in C 1 (fi) as k — > +00 (the convergence actually holds in C 1,a (Q) for all 
< 0/ < 1), there exists fcj.GN such that 



V k>k u \V<p k \ >5/2>0 in [7 72 , <p fc > 7 2 m/4 > in Q\U y2 

and 

V fc > h, MyedQ, VrG [0,72], Vp*(y - rv(y)) ■ v{y) < -5/2 < 0. (3.22) 
Let k G N be fixed such that k>k%. It especially follows that, for all a G [0, 72^/8], 

Sfc, a = {x G Q, p k {x) = a} C C/ 72 , (3.23) 
whence |Vy2fc| 7^ everywhere on the C 2 hypersurface £& )0 . Thus, 

[0, 72 m/8] cY k . 
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Furthermore, for all y G dfl, the segment [y, y — 72^(2/)] is included in fl and there exists 
9 G [0, 1] such that 

72 

¥k(y - 72^(2/)) = -72f(y) • V^ fc (y - 9-i 2 v{y)) > — ; 
=0 

more precisely, the function k : [0,72] — > 1R, s 1— > y2fc(y — sv(yj) is differentiable and 
> 5/2 for all s G [0,72]. 
Call 

ai = min(7 2 m/8, 72(5/4) > 0. 

It follows from the above calculation that, for all k > k±, a G [0,0!] and y G <9fi, there 
exists a unique point 4>k,a(y) G [?/, y — 72^(2/)] H Sjfe )0 . Moreover, for such a choice of and 
a, the map is one-to-one since the segments [y,y — 72^(2/)] are pairwise disjoint when y 
describes dfl (because 72 G (0, 71]). Lastly, 



J fc,a 



{My), y e (3.24) 



from (jHSHD - 

Let us now prove that the area of £fc >a is close to that of <9fi for large enough and a > 
small enough. To do so, let us first represent dfl by a finite number of C 2 ' a maps y 1 , . . . ,y p 
(for some p G N*) defined in B, and for which 



diy j (x') x • • • x d n ^iy j (x') 7^ for all 1 < j < p and x' G 6 



p- 



Here, B = {x 1 = (x 1 , . . . , x„_i), < 1} and diy 3 {x') = (d Xi y{(x f ), . . . , d Xi y 3 n {x')) for 1 < 
i < n — 1, where y^{x') = (y{(x'), . . . , y^(x')) G M". The maps 7/ J are chosen so that 

<9ft = {y j (x'), x G B, 1 < j <p}. 

Fix k > ki and a G [0, ai]. For each 1 < j < p, there exists then a map t k a : £> — > [0, 72] 
such that 

^(yV)-4>WV))) = a (3-25) 

for all x' G £>, and £fc ja = {y^(x') — t? k a (x')u(y : >(x')), x' & B, 1 < j < p}. From the arguments 
above, each real number t ka {x') is then uniquely determined, and t J k0 (x') = 0. 

Since the functions (fk (say, for all k > k±), y 3 and v o ?/•? (for all 1 < j < p) are (at least) 
of class C 1 (respectively in Q, B and B), it follows from implicit function theorem and ()3.22|) 
that the functions t k a (for all k > hi, a G [0, a\], 1 < j < p) and 

(for all > fci, 1 < j ' < p, x' G <B) are of class C 1 (respectively in B and [0, a\]). From the 
chain rule applied to ()3.25j) . it is straightforward to check that, for all k > ki, a G [0, ai], 
1 < j < P and 2' G B, 

(h{.)'(a) = — : GfO^r 1 ] from (E21, 

Kl^)) • V^{x')-tl }a {x')v{yo{x'))) 
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whence 

< i ta (x') = h{ x ,(a) < 2S- l a (3.26) 

because h J kxl (0) = t{ fi (x') = 0. 
Similarly, 

o x .t J hn {x) = ; ; ; 3.27) 

for all k > kx, a G [0, ai], 1 < j < p, x' G 23 and 1 < i < n — 1. For all k, 1 < j < p and 
a;' G £>, one has tf^y^x')) = 0, whence diy^x') ■ V 'ipkiu 3 i x ')) = (f° r all 1 < i < n — 1). 
On the other hand, the functions ip k converge (at least) in C 1,:L / 2 (f2) to cp as k — > +oo. As a 
consequence, 

I VOO • v^oo - <jU(*W0O))l < Ci\Ai>') 

for all > fci, a G [0, ai], 1 < j < p, x' e B and 1 < i < n — 1, and for some constant Ci 
defined by 

Ci = max (01 x SU P < +0O ^ 

i<i'<n-i, i<j'<p, £es fe'eN, z^z'en J\z — z'\ 

Call now 

C 2 = max |<%/(i/o ?/)(£)) | x sup \Vip k ,(z)\ < +oo. 

l<j'<P, feS, l<i'<n-l jfc/ e pj, ^eft 

Together with ()3.27|) and ()3.22|) . the above arguments imply that 

\d x A >a { X ')\ < 25- 1 (C 1 ^t{ a (x') + C4 ja (x')) 

< 2r 1 (Civ / 25- 1 a + 2C 2 r 1 a) from (J3~2fi|) 

for all k > ki, a e [0, ai], 1 < j < p, x' & B and 1 < i < n — 1. 
It follows that 

sup_ |9xi(*fc, a -> as a-> 0, < a < ai. (3.28) 

fe>ifci, 1<7'<P, x'eB, l<i<n-l 

On the other hand, there are some open sets U l , . . . , U p of B such that 

P f 

area(<9f2) = / ^^'(x') x ■ ■ • x 9 n _iy J (x')| dx', 

.7=1 ^ 



where the sets {y J (x'), x' G £/ J } for j = 1, . . . ,p are pairwise disjoint and, for any e > 0, 
there are some measurable sets V 1 , . . . , V p C B such that {yi(x'), x' G , 1 < j < p} = dQ, 

yj 3 f/i an( j / lyj^j (x')dx' < e for all 1 < j < p. Since all functions yi and t^. a ^ o yi (for 
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yn— 1 



all k > k\, a G [0, ai], 1 < j < p) are of class C 1 in £>, since each function 0fc a is one-to-one 
and since (|3.24j) holds, it follows that 

P f 

area(S fc>a ) = V / |<9i(^ - t£ i/ o x • • • x <9 n _i(y J - t J fc a z/ o y j ){x')\ dx 

3=1 JUJ 

for all k > k\ and a G [0, ai]. 

One concludes from (J3.28)) that 

sup |area(Sfc ia ) — area(<9fi)| — > as a — ► with < a < ai. 

k>ki 

Because (3 in ()3.21j) is positive, there exists then ao G (0, ai] such that 

ifc(a) = area(S fc>a ) > \ l + na; n if 

for all k > ki and a G [0, ao]. 

That completes the proof of Lemma 13.101 

Lemma 3.11 With the notations of Lemma \3.1(j\ one has 

«0> (i + f) /^(M) 

/or a// k > ki and x G fi* sitc/t t/iai Pfc(ao) < |x| < i2. 

Proof. Fix k > k\. From Lemma fc.lUl one has S Pk i ao \R C Fix any x G f2* such that 
r = \x\ G [pfc(a ), -R] (notice that < Pk(ao) < R and p^i?) G [0, a ]). The calculations of 
the proof of Proposition 13.51 and especially inequality (|3.12|) . imply that 

„„, „n-l 



□ 



u k (x) 



But 



n— 1 

1 < „ x IP'M'WI x \Vu k (x) 



fc .p^r 1 ('-) 



from Lemma f3. 101 Thus, 

1 + f <\p' k ( P ^(r))\x\Vu k (x)\. 



The 
Corollary 13.61 



conclusion of Lemma 13.111 follows from the above inequality, as in the proof of 

yuna □ 
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Lemma 3.12 There exist k 2 > k\ and r] > such that 

u k (x) >(l + v) Pk\\x\) 

for all k > k 2 and x G Q* . 

Proof. Let e be any unit vector in ~R n and choose k > k\. Let u k be the function defined 
in [0, R] by u k ( r ) = u k (re) for all r G [0, R\. This function is differentiable and decreasing in 
[0, R]. Furthermore, Proposition 13.51 and the fact that p^T 1 is decreasing in [0, R] imply that 

-u' k (r) > ~{pl\r)) 

for all r G p k (Y k ) = (0, p k {a k>m -i)) U ■ ■ • U {p k {a kj2 ), p k (a k> i)) U (p k (a kjl ), R). Finite Increment 
Theorem yields especially, as in the proof of Corollary 13.61 

u k (re) - u k (p k (a )e) > p k 1 (r) - a 

for all r G [0,p k (a )]. Fix such a r in [0, p k (a )} (whence p^T (r) G [a , M k \ C (0,M fc ]). One 
gets that 

u k (re) > 1 ^fc(pfc(Qo)e) - a > ^ /3a 
P^M " ^'(0 " 2 Pfe 1 (r) 

from Lemma f3. Ill 

But p fc 1 (^) < Mfc = maxjyipfc — > max^-<p = 1 as k — > +oo. Hence, there exists k 2 > k\ 
such that 

u k (re)> + P k \r) 



for all k > k 2 and r G [0, p k (ao)}. As in the proof of Corollary QUEl the conclusion of Lemma 
13.121 follows from the above inequality and from Lemma 13.111 with the choice 

7] = min(/?/2,/?a /4) > 

for instance. □ 

Conclusion. Fix any s > 0. From Lemma (3.121 and from ()3.15j) . there exists k^ > k 2 such 
that 

-Au k {x) - (t + e) \Vu k (x)\ < [A(0,r)+£] p^(\x\) < ^^±^ u k {x) 
for all x G E k and k > k%. As in the proof of Lemma 13. 8| one gets that 

— — > A(S2 , r + e). 

l+T] 

Passing to the limit e — > + in the above inequality yields 

A(ft, t) > (1 + 77) A(Q*, r) > A(Q*, r) = Ai(fi*, re r ) (> 0). 
That completes the proof of Theorem 11.11 □ 
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4 Appendix 



4.1 Behavior of F n (m,r) for large r 

This section is devoted to the proof of the results mentioned in Remark 11.41 

First, to prove (jl.5|) . fix m > and r > 0, set Q = (-R, R) with 2R = m, and denote 

A = Ai(0, re r ) 

and </2 = v^o.rer- Theorem 11.61 ensures that (p is an even function, decreasing in [0, R] and 
Theorem 11.51 yields 

— ip (r) + T(p'(r) = Xtp(r) for all < r < i?, 

with = 0, 9? > in (-R, R) and (p'(0) = 0. For all s e [0,tR], define VO) = <p(s/r), 

so that ^ satisfies the equation 

-i>"(s) + V>'(s) = 4^(s) for all < s < ri?, 

with i[)(tR) = and ^'(0) = 0. Notice that A depends on r, but since, for all r > 0, 
< A < Ai((— -R, R), 0), there exists r > such that r 2 > 4A for all r > r , and we will 
assume that r > To in the sequel. The function ip can be computed explicitly: there exist 
A, B e R such that, for all < s < tR, 

^(s) = Ae^ +r + Be^~ r , 

where /i± = (1 ± a/1 — 4A/r 2 )/2. Using the boundary values of ^ and one obtains after 
straightforward computations: 

Since A remains bounded when r — > +oo, it is then straightforward to check that A ~ t 2 c~ tR 
when r — > +oo, and that (jl.5|) follows. 

We now turn to the proof of assertion (jl.6|) . Let n > 2, m > 0, r > and f2 = 5^ be 
such that \Q\ = m, so that one has R = (m/a n ) l l n and F n (m,r) = Ai(f), re r ). We first 
claim that 

F n (m,r) > F 1 (2R,r). 

Indeed, write 

A = Ai(fi, re r ) and <£> n = <^n, Ter . 

Similarly, Fx(2R,r) = Xi((—R,R),re r ), and we denote \i = Xi((—R,R),Te r ) and <p\ = 
<P(-R,R),rer- As before, define ip n (y) = ip n {y/r) for all y E rtt = B r T l R and Vi(r) = <pi(r/r) for 
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all r G [—tR,tR]. Finally, since ij} n is radial, let u n : [0,ri2] 

A , , 



for all y G tQ = B™ R . One has 



-<(r) - 



n 



1 



-«„ r + n r 



• K such that Vn(y) = «n(M) 
in (0,ri?], 



(4.1) 



in [0,tR], 



with <(0) = u n (rR) = 0, ^(0) = ^(tR) = 0. 

Assume that A < //. Since < in (0, r_R] and w n > 0, one obtains 

E 

T 2 



-u"(r) + u'Jr) < —u n (r) 



in [0,tR], 



<(r)+^(r) = 4^iW in [0,tR\. 



(4.2) 



Since i/j[(tR) < by Hopf lemma, while ip\{r) > in [0,tR), u n (r) > in [0,tR) and 
the functions u n and ipi belong (at least) to C 1 ([0, tR)), there exists then 7 > such that 
7^1 (r) > u n (r) for all < r < tR. Define 7* as the infimum of all the 7 > such that 
7^1 > u n in [0, tR), observe that 7* > and define z = 7*V ; i ~ u n which is non-negative in 
[0, tR] and satisfies 



-z"{f) + z'(r) 



-z(r) > 



(4.3) 



for all < r < tR and z{tR) = 0. 

Assume that there exists < r < tR such that z(r) = 0. The strong maximum principle 
shows that z is identically zero in [0, tR], which means that 7*^1 = u n in [0, tR], and even 
that ip\ = u n because ipi(0) — u n (0) — 1. But this is impossible according to (|4.1|) and ()4.2|) . 

Thus, z > in (0,ri?). Furthermore, z'(0) = 0, hence z(0) > from Hopf lemma. 
Another application of Hopf lemma shows that z'(tR) < 0. Therefore, there exists k > 
such that z > Ku n in [0,tR), whence 



r 



l + K 



ipi > u n in [0,tR), 



which is a contradiction with the definition of 7*. 

Finally, we have obtained that /i < A, which means that F n (m, r) > Fi(2R, r). 

We look for a reverse inequality. To that purpose, let e G (0, 1) and Rq > such that 

Ti 1 

— — — < e. In the following computations, we always assume that tR > Rq. Define u n and 
R 

A as before. Let 



^ = X[[-[R-^ 



R-^ 

T 



r(l 



and w the normalized corresponding eigenfunction, so that 



—w"(r) + t(1 — e)w'{r) = fi'w(r) in 

Rq 



0,R- 



R 



T 



w '(0) = 0, w > in 



0,R- 



w{ R- 



Rq 
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For all Fin < x < tR, define v(x) 



w 



x — Rr 



which satisfies 



—v"(r) + (1 — e)v'(r) 



/'' 



T- 



v(r) in [Rq,tR] 



v'(Rq) = 0, v > in [Rq,tR), v(tR) = 0. 
Assume that A > //. Since (n — 1)/Rq < £ and u' n {r) < in (0, tR), one therefore has 



-u"(r) + (l-e)u'(r) > 



in [Rq,tR], 



-v"{r) + (1 - e)v'{r) = ^-v(r) in [Rq, tR] 



Arguing as before, we see that there exists 7 > such that 7w n > v in [Rq,tR). Define 7* 
(> 0) as the infimum of all such 7's and define z = 7*w„ — v, which is nonnegative in [Rq, tR] 
and satisfies — z" + (1 — e)z — (// /r 2 )z > in [Rq, tR]. 

Assume that z(r) = for some r e (Rq,tR). The strong maximum principle ensures 
that z is in [Rq,tR], which means that u n = v in [Rq,tR], which is impossible because 
u' n (R )<0 = v'(RQ). 

Therefore, z > everywhere in (Rq,tR). Furthermore, z'(Rq) < 0, thus z(Rq) > 0. On 
the other hand, by Hopf lemma, z'(tR) < 0. Thus, there exists k > such that z > kv in 
[Rq,tR), whence + n))u n > v in [Rq,tR). This contradicts the definition of 7*. 

Thus, we have established that A < \il . Straightforward computations (similar to those 
of the proof of 1)1.50 ) show that 



A<// = —(!-£ 



\ 2 



and, since A > F\{2R, r), formula (jl.5|) and the fact that m = a n R n end the proof of (jl.6|) .p 



4.2 Proof of Proposition 11.8 



Let m > be fixed. For any fl 6 C and any t> e L°°(Q), one has the following min-max 
characterization of Xi(ft,v) (see )TT|): 

A 1 (n,t;) = S upinff " Ay + 1, - Vy> y (4.4) 
v n V V / 

where the supremum is taken over all functions ip G W^(fi) which are positive in Q. For 
e > 0, consider a domain fl E G C included in {x = (xi, . . . ,x n ) G M. n ; e < x\ < 2e} and 
satisfying \Q e \ = m, and let v be any field in L°°(f2 £ , M n ) with WvW^ < r. Define, for all 

X (•£].; ■ ■ ■ j J'n) G f^e, 

^ e (x) = sm 
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Then, for all i6ll £) 



(p £ (x) 9e 2 ' ip e (x) ~ 3y/3e 
and thus 

, 2t7T 



9e 2 3y/3s' 
This shows that 

, . _ . 7T 2 2TH 

sup A(Q, r) > — 



' ~ 9e 2 3^/3e' 
and, since this is true for all e > 0, the assertion (jl.llj) follows. 
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